Abstract -We discuss the problem of description of low-energy nuclear dynamics and the derivation of a multidimensional potential energy surface that depends on several collective degrees of freedom and allows a unified analysis of deep inelastic scattering, fusion, and fission processes. A unified description is required due to the strong coupling and significant overlapping of these reaction channels in heavy nuclear systems, which are used, in particular, for synthesis of superheavy elements. The multidimensional adiabatic potential is derived based on an extended version of the two-center shell model. This model leads to a correct asymptotic value and height of the Coulomb barrier in the entrance channel (fusion), and appropriate behavior in the exit channel, giving the required mass and energy distributions of reaction products and fission fragments. The derived driving potential is proposed to be applied in a consistent dynamic analysis of low-energy interactions of heavy nuclei.
INTRODUCTION
Recently there has been growing interest in the near barrier collisions of heavy nuclei. On the one hand, this interest is driven by the possibility of using these reactions for the synthesis and study of superheavy elements in a possible stability island [1] . On the other hand, the study of the dynamics of these processes is interesting in its own right and allows a better understanding of the reaction mechanisms (in particular, the appearance of nuclear shell and quasifission effects [2] ) as well as the possibility to extract basic nuclear characteristics such as nuclear viscosity and the rate of nucleon exchange (see [3] and references therein, and also [4] ). Recently, studies of nuclear fission in the deeply subbarrier region have also become possible [5] . The cross-section measurements for such processes are very important for astrophysics. The observed deviation of the barrier transparency from that calculated within the standard coupled channel method may be a sign of more complex behavior of the nucleus-nucleus potential at small distances in the region of overlap of nuclear surfaces.
The analysis of near-barrier nucleus-nucleus collisions suggests that the major reaction channels are deep inelastic scattering [6] and quasifission [2, 7] , and the probability of fusion (formation of compound nucleus) is very small. The fusion of heavy nuclei is significantly suppressed by the quasifission process. We note that the quasifission process also plays an important role in the fusion of light nuclei [2, 8] . At collision energy similar to the height of the Coulomb barrier in the entrance channel, the fusion probability is not more than 10 -3 for mass-asymmetric collisions of 48 Ca and transactinium targets. The corresponding probability is much less for the more symmetric combinations used in cold synthesis (see Fig. 1 ).
In order to estimate such small quantities, first of all, one needs to properly describe the main reaction channels, namely, deep inelastic scattering and quasifission. As a rule, the quasifission processes are indistinguishable from deep inelastic scattering and from regular fission, which is the main decay channel of an excited heavy nucleus. Therefore, it is very important to apply in the analysis a unified approach with the account of strong coupling between deep inelastic scattering, quasifission, fusion, and regular fission processes, as well as with an overlap of all channels in question. Note that so far, these processes have been described in terms of very different approaches using different degrees of freedom and equations of motion.
A unified approach to the description of strongly coupled reaction channels implies the use of common collective degrees of freedom; a common multidimensional potential surface, which depends on these coordinates and controls the full fusion-fission process; and a common set of dynamical equations of motion. The proper choice of common degrees of freedom, which are relevant at both the initial and the fragmentation stage, is an important and difficult task. The number of degrees of freedom should not be too large in order to allow the numerical analysis of the corresponding system of dynamical equations. On the other hand, if this number is small, the deep inelastic collision of wellseparated nuclei and the fission (quasifission) of the produced strongly deformed mononucleus cannot be simultaneously described. The distance between nuclear centers (the elongation of the mononucleus), dynamic surface deformations, mutual orientations of ZAGREBAEV et al. deformed nuclei, and mass asymmetry, which is responsible for nucleon transfer, are, in our opinion, the relevant degrees of freedom in modeling the fusion-fission dynamics.
For the given choice of collective degrees of freedom, the potential energy, which is a multidimensional function of these variables, must be properly computed. The interaction potential between separated nuclei is relatively easy to compute (see Section 2) . Of course, some uncertainty remains here, but the height of the Coulomb barrier obtained in these approaches agree with data and/or the Bass parameterization [9] within 1 to 2 MeV. After the nuclei have come into contact, which happens at somewhat smaller distance than the position of the Coulomb barrier, the mechanism of interaction of two colliding nuclei becomes more complicated. For fast collisions, for which the relative velocity of two nuclei is comparable with the characteristic velocity of bound nucleons (the diabatic condition), the nucleus-nucleus potential, V diab , should be repulsive at short distances, protecting the "frozen" nuclei from penetrating into each other and forming double density nuclear matter [10, 11] . For slow collisions (near-barrier energies), when the nucleons have enough time to reach an equilibrium distribution and the nuclear shape changes such that the nuclear density remains unchanged (the adiabatic conditions), the nucleus-nucleus potential energy, V adiab , is essentially different (see Fig. 2 ). The calculation of the multidimensional adiabatic potential energy surface for a heavy nuclear system is a complicated physical problem, which has not yet been fully solved. Figure 3 demonstrates the evolution of the wavefunction of the external neutron from the initial state 2 d of the 96 Zr nucleus in the near-barrier 40 Ca + 96 Zr collision. The neutron wavefunction was obtained from the numerical solution to the three-body time-dependent Schrödinger equation for this system [12] . We see that the valence neutron wave packet, following the evolution of a two-center molecule, quickly occupies the full volume of both nuclei before the nuclei contact and even before they penetrate through the Coulomb barrier. Therefore, this model confirms an important role of neutron transfer, as well as the nucleon collec- Main reaction channels and experimental mass-energy distributions of nuclear fragments in near-barrier collisions 48 Ca + 248 Cm and 86 Kr + 208 Pb [2] . POTENTIAL ENERGY OF A HEAVY NUCLEAR SYSTEM 471 tivization mechanism, in near-barrier nuclear fusion [13, 14] . Thus, the two-center shell model seems to be a reasonable approximation in the calculation of the adiabatic potential energy of the nucleus-nucleus system [16, 17] . However, the standard version of this model, with the usual parameterization of the macroscopic (liquid drop) part of the total energy [18, 19, 20] and with the standard single-particle basis functions, fails to reproduce nucleus-nucleus interaction at the contact point and in the asymptotic region of fully separated nuclei (see Section 3). As a result, this model fails to reproduce the correct value of the Coulomb barrier and the potential energy pocket, which are important for the description of deep inelastic collisions and fusion-fission processes.
In this paper, we use the extended version of the two-center shell model in order to consistently calculate the multidimensional adiabatic potential energy of a heavy nuclear system, which can be used for unified description of deep inelastic collisions, quasifission, fusion, and normal fission (Section 4). The calculated potential has a correct asymptotic value and height of the Coulomb barrier in the entrance channel (fusion) and appropriate behavior in the exit channel, leading to correct mass and energy distributions of reaction products and fission fragments.
DIABATIC NUCLEUS-NUCLEUS INTERACTION POTENTIAL

Phenomenological Potentials
In simple calculations, the potential energy of two separated nuclei is usually parameterized in terms of some function, i.e., the Woods-Saxon potential or proximity potential [21] . For small deformations, the shape of the axially symmetric nucleus is usually given by (1) where ≡ { β λ } are dimensionless deformation parameters of multipole order λ = 2, 3, …, and P λ are Legendre polynomials, (2) R 0 is the radius of the equivalent sphere with the volume of deformed nucleus, and ( λ '0 λ ''0 |λ 0) are the ClebschGordon coefficients. The potential energy of two deformed nuclei can be written as the sum of the Coulomb and nuclear parts:
Here and below, the subscript i = 1, 2 labels the interacting nuclei and θ 1, 2 are the orientation angles of the symmetry axes of deformed nuclei (Fig. 4) .
Neglecting interaction between different multipoles and to the second order in deformations, the Coulomb interaction of deformed nuclei can be written as Here, (r) are interaction form factors. At r > R 1 + R 2 , we obtain
At smaller values of r, when nuclear surfaces overlap, the Coulomb form factors are given by more complicated expressions [22] . However, this is not essential for the discussed fusion-fission processes because at r < R 1 + R 2 the nuclear system is controlled by adiabatic potential energy (see Section 3). In the description of the rotation of deformed nuclei, the quadrupole and/or hexadecapole deformations are usually taken into account. Because as a rule β 4 Ӷ 1, the third term in (4) only has the terms with λ' = λ'' = 2 and λ is 2 or 4. Short-range nuclear interaction depends on the distance between nuclear surfaces. This is usually taken as the distance along the internuclear axis as ξ = r -R 1 ( , θ 1 ) -R 2 ( , θ 2 ) (see Fig. 4 ). The interaction is usually described by Woods-Saxon potential
Note that for the Woods-Saxon potential, the interaction radius R V = ( + ) is not identical to the sum of nuclear radii, and is a free independent parameter. A different option is to use the proximity potential in the description of nuclear interaction [21] (5)
Here, Φ(ξ/b) is the universal dimensionless form factor, b is the thickness of nuclear surface (≈1 fm), γ = γ 0 (1 -1.7826I 2 ), γ 0 ≈ 0.95 MeV fm -2 is the coefficient of surface
, and P sph = 1/ + 1/ and
. This potential depends on the choice of nuclear radii. The set of The strength of attraction of two nuclear surfaces depends on their curvatures [21, 23] , i.e., on the area of the tangent surfaces. This is usually accounted for by replacing P sph in (5) by (6) where are main local curvature parameters of the projectile and the target (see, e.g., [24] ). For spherical nuclei = and P = P sph . In case of interaxis dynamical deformations (θ 1 = θ 2 = 0), which occur in cases of slow collisions of dynamically deformed nuclei, the local curvature can be derived explicitly [25] ( 7) where η(λ) = 3 × 4 × … × (λ + 1)/(λ -1)!. For revolving deformed nuclei, the minimum distance between nuclear surfaces ξ s should be distinguished from the distance ξ along the central line (see Fig. 4 ). However, for realistic deformations, the effect of the difference between ξ s and ξ on the interaction potential and fusion cross sections is smaller than that of curvature modification (P ≠ P sph ) [26] .
Formally, Eq. (6) can have zeros at some negative values of deformations (contact of two flat surfaces). This unphysical effect arises because of the neglecting of the dimensions of the contacting parts of colliding nuclei, and it signals the necessity of improvement in the description at large negative deformations. The main contribution to the nucleus-nucleus potential comes from the limited number of nearest nucleons. Therefore, instead of a simple replacement of P sph by P in (5), a more accurate approximation should be used:
, where is the potential obtained with the account of nuclear deformation and neglecting modification of the surface curvature and G( , θ 1 , , θ 2 ) is a geometrical factor accounting for the change in the nucleon number in the POTENTIAL ENERGY OF A HEAVY NUCLEAR SYSTEM 473 surface region of two deformed nuclei compared to the spherical case. An approximate expression for the fac-
, which is important at moderate and large deformations, can be found in [25] .
Folding Potential
The most consistent approach to calculating the adiabatic nucleus-nucleus potential is the so-called folding procedure, i.e., the averaging of the effective nucleon-nucleon potential over nuclear densities (see, e.g., [27] ). In this approach, the effects due to nuclearsurface deformation are automatically taken into account and the internuclear potential is easily calculated for the general orientation of statically deformed nuclei (see below). The interaction potential is (8) where v NN (r 12 = r + r 2 -r 1 ) is the effective nucleonnucleon potential and ρ i (r i ) is the nuclear density distribution in the ith nucleus. The nuclear density distribution is often taken in the Fermi form (9) where R(Ω r ) is the radial coordinate on the nuclear surface (Ω r are spherical coordinates of r), and the parameter ρ 0 is derived from the normalization condition
The effective nucleon-nucleon potential has a shortrange nuclear part and a long-range Coulomb part v NN = + . Apparently, the latter refers to protons. For the nuclear part of the effective nucleon-nucleon potential, both a finite and zero interaction radius are used. The most popular finite radius potential is M3Y. This potential is the sum of 3 Yukawa functions and has direct and exchange parts. For each of these, two parameterizations are used: M3Y-Reid [28] and the somewhat more modern M3Y-Paris [29, 30] .
The folding potential for the direct part of M3Y interaction is calculated by Eq. (8) . The folding potential for the exchange part can be written in terms of the singleparticle density matrix ρ 1(2) (r, r')[ρ 1(2) (r, r) ≡ ρ 1(2) (r)] as [31] [32] [33] β1 β2
is the reduced mass number, and m is the nucleon mass. It is clear that the calculation of the folding potential with the exchange term leads to an integral equation because of the dependence of k on the total nuclear potential.
The calculation of the folding potential with the exchange term was significantly simplified in [34, 35] . It was shown that the exchange potential can be approximated to a good accuracy by the zero-range potential (12) where is the exchange interaction amplitude. In this case, folding equation (10) reduces to (8) with potential (12) .
The density-independent M3Y potential does not comply with the saturation condition for cold nuclear matter. For this reason, a density-dependent M3Y potential was suggested, which is obtained from the density-independent M3Y potential introducing a factor F(ρ = ρ 1 + ρ 2 ). A number of parameterizations of the density dependence are used. In [36] , the exponential function was introduced (13) The parameters in Eq. (13) were adjusted using the M3Y-Reid and M3Y-Paris potentials [37] . However, because of the strong density dependence in (13) , only the lower bound on the nuclear matter incompressibility was derived: K ≤ 176 MeV. A somewhat more flexible form for the factor F has also been suggested [37] : (14) For simplicity, in the calculation of the folding potential, the parameter β is assumed to be an integer.
For the values β = 1, 2, 3, the nuclear incompressibility K = 270, 418, 566 MeV, respectively. In order to match the experimental value of K = 270 ± 60 MeV, a hybrid parameterization was suggested in [38] (15)
The parameters of Eqs. (13) to (15) are adjusted in order to reproduce the nuclear matter binding energy per one nucleon, 16 MeV at the saturation density ρ 0 ≈ 0.17 fm -3 .
With the proper choice of parameters, the folding M3Y potential properly describes the nuclear fusion barriers. However, the M3Y potential predicts too strong attraction in the nuclear overlap region, where additional repulsive interaction should be present because of the Pauli exclusion principle. A possible solution was suggested in [39] , where the phenomenological zero-range nucleon-nucleon repulsion potential in nuclear overlap region was introduced. In this approach, the total nuclear potential is the superposition of the attractive M3Y potential and the repulsive potential (16) The nuclear densities in (16) should be calculated with smaller values of the diffuseness parameter a and the radius compared to the M3Y part. In [39] for 24 Mg + 24 Mg, the following values were extracted: r 0 = 1.02 fm and a = 0.48 fm for the M3Y potential, and = 0.95 fm and a' = 0.45 fm, V rep = 500 MeV for the repulsive potential. With these parameters, the full folding potential turned out to be similar to the proximity potential. These parameters are not universal and depend on the colliding nuclei. The literature lacks any global parameterization of these five parameters for a fairly wide range of nuclei. It is a difficult task to derive the required parameterization based only on the value and position of the Coulomb barrier.
A different form of the zero-range nucleon-nucleon potential, which significantly simplifies the calculation of the sixfold integral in (8) , was suggested in [40] on the basis of the density-dependent Migdal potential [41] (17) where (18) The sign "+" corresponds to the interaction of identical particles (proton-proton or neutron-neutron), while the sign "-" is for different particles (proton-neutron). For the fixed value of the normalization constant C = 300 MeV fm 3 , the following values were recommended: f in = 0.09, f ex = -2.59, = 0.42, and f ex = 0.54. The quantity ρ 00 is the central nuclear density for which we take the mean value of the projectile and the target density ρ 00 = (ρ 01 + ρ 02 )/2. Potential (17) is constructed such that it is given by the amplitude F ex outside of the
nucleus, F in in the nuclear interior, where the density equals ρ 00 , and (2F in -F ex ) at the double nuclear density.
The nuclear matter density ρ i is the sum of the proton and neutron density ρ i = + . Taking into account that the proton-proton interaction also involves the Coulomb part, we obtain (19) where the superscript of the effective potential corresponds to the sign in (18) . The proton and neutron densities are parameterized by Eq. (9) assuming identical proton and neutron densities at nuclear center = = ρ i0 . Therefore, this folding model has only two adjustable parameters: the radius of proton distribution in a nucleus (R Z = A 1/3 ) and the diffuseness a.
Given the value of , the parameter ρ 0i is determined from the normalization to the proton number in the ith nucleus. The value of the corresponding neutron radius is derived from the normalization of the neutron density.
The global parameterization of the charge radius can be obtained from the existing data [42, 43] . A convenient compilation of the data can be found in [44] . Our parameterization (20) is shown in Fig. 5 and can be used for all nuclei heavier than carbon. The value of the parameter a was adjusted to reproduce the experimental values (or their empirical values by Bass [9] ) of the nuclear fusion barrier. The results of the study of different combinations of spherical nuclei ( 16 O, 40 Ca, 48 Ca, 60 Ni, 90 Zr, 124 Sn, 144 Sm, 208 Pb) are described by the following parameterization: (21) This parameterization can be recommended for calculation of the folding potentials for A 1, 2 ≥ 16. Figure 6 shows the interaction potential of spherical nuclei 48 Ca and 208 Pb calculated in different models. (20) and (21) for the folding potential with Migdal force result in the value of the fusion barrier within ±3 MeV difference, with the corresponding value calculated with proximity potential or Bass parameterization. The predicted position of the barrier is systematically 0.2 fm lower, which is acceptable given the experimental uncertainty.
Dependence on Orientation and Deformation
The most efficient way to calculate the folding interaction potential for statically deformed nuclei with generic orientation is based on the Fourier transform of the integrand and expansion of the angular dependence of nuclear densities in series in spherical functions [45, 46] . If we choose the coordinates such that the z axis is along the internuclear axis, then sixfold integral (8) reduces to [45] [46] [47] (22) where (θ) is the Wigner function, ∆ϕ = ϕ 2 -ϕ 1 , θ i and ϕ i are the polar and the azimuthal angles, and the radial multipoles are
Here, are 3j-symbols. The dependence on the distance between the mass centers can be written as (24) In (24), j λ (q) is the Bessel function, (q) is the Fourier transform of ρ λ (q) (25) where ρ λ (r) are the expansion coefficients of the angular part of the nuclear density in the spherical functions (26) The Fourier transform of the nucleon-nucleon potential is (27) Note that because of the symmetry of 3j-symbols, Eq. (23) involves only the contributions from the terms with even λ 1 + λ 2 + λ 3 . Figure 8 shows the folding potential with Migdal force as a function of the distance between the mass centers and mutual orientation of colliding nuclei for 64 Zn + 150 Nd. The azimuthal angle dependence ∆ϕ for θ 1 = θ 2 = π/4 and θ 1 = θ 2 = π/2 is shown in Figs. 8a and 8b, respectively, and Fig. 8c demonstrates the polar angle dependence θ 1 = θ 2 at ∆ϕ = 0. We observe a strong dependence of the potential energy and, in particular, the value and position of the Coulomb barrier on the angle θ. However, the dependence on ∆ϕ is rather weak; the value of the barrier changes by about 2 MeV (a) and by less than 1 MeV (b). The changes in the position of the barrier are not essential.
For the deformed nuclei ( and are dynamical variables), the interaction energy (3) and (8) should be supplemented by deformation energy, which, in harmonic approximation, is (28) Here, C iλ are the rigidity parameters of the nuclear surface, which can be calculated in the liquid-drop model [48] . Note that for large deformations, the harmonic approximation (28) may not be accurate enough, and a better approximation should be used, such as the macro-microscopic approach (see below), in which the deformation energy is computed as a mass difference between the deformed nucleus and the ground state.
As noted above, the calculation of the folding potential requires a six-dimensional integration. This procedure remains rather involved even when the technique described above is employed. Evaluation of the nuclear β1 β2
part of the folding potential is substantially simplified and reduces to three-dimensional integration if the Migdal force is used. One more integration can de done analytically in the presence of axial symmetry ("noseto-nose" orientation). Such simplifications cannot be applied in the calculation of Coulomb energy of generically oriented nuclei with charge distribution (9) . However, for the vanishing diffuseness, the sixfold integration can be reduced to a fourfold one [19] , and, in the presence of axial symmetry, to threefold. The calculation shows that the finite diffuseness has almost no effect on the value of Coulomb energy in spherical nuclei; the change in the folding potential of 238 U + 238 U is less than 0.15 MeV compared to the case of vanishing diffuseness. The effect for light nuclei is even smaller.
The diffuseness affects the higher-order terms in the multipole expansion of Coulomb energy in the case of deformed nuclei. The sign of the effect depends on nuclear orientation: for the "nose-to-nose" configuration, the value of the fusion barrier increases due to finite diffuseness, and for the "side-to-side" configuration the value of the fusion barrier decreases.
The studies of different combinations of deformed nuclei suggest that the effect of diffuseness is generally larger for heavy nuclei. For deformations of nuclear ground states, the maximum difference in the potential before the contact point is 2.5 MeV for 238 U + 238 U, about 1 MeV for 58 Fe + 244 Pu, and only about 0.2 MeV for 20 Ne + 58 Fe.
Spheroid Deformations
If in the description of nuclear shape the multipole expansion (1) is limited to quadrupole terms, then the nuclear shape at small deformations is similar to ellip- 16 O, 40 Ca, 48 Ca, 60 Ni, 90 Zr, 124 Sn, 144 Sm, and 208 Pb. Filled symbols correspond to the difference between the folding potential with Migdal force and the Bass potential, and the open symbols mark the difference between the folding potential and proximity potential. The symbols of different shape connected by lines correspond to the chains with different projectiles: 16 O + X (squares); 40 Ca + X (circles); 48 Ca + X (upward triangle); 60 Ni + X (downward triangle); 90 Zr + X (leftward triangle); 124 Sn + X (rightward triangle).
POTENTIAL ENERGY OF A HEAVY NUCLEAR SYSTEM 477 soid. However, at β 2 > 0.5, a "neck" appears, and β 2 = 4 Ӎ 3.17 corresponds to two nuclei in contact. This parameterization is appropriate in describing the shape of the compound nucleus during fission.
The fusion-fission reactions can cause large dynamical deformations of both nuclei. However, we will always assume two outgoing fragments in the primary process. At sufficiently high excitation energy, these fragments can undergo fission after separation, which can be described in terms of the statistical model. In order to avoid more than two fragments in the primary process, one should use an ellipsoid parameterization for nuclei with a large dynamical deformation. The nuclear shape is given by revolution of a profile function around the symmetry axis. Using cylindrical coordinates, we have (29) where a and b are ellipsoid semi-axes. The nuclear deformation is characterized by a single parameter δ = a/b -1. Because of volume conservation, we have a = R 0 (1 + δ) 2/3 and b = R 0 (1 + δ) -1/3 , where R 0 is the radius of a spherical nucleus. Apparently, δ = 0 corresponds to a spherical nucleus. At small deformations, β 2 ≈ 4/3 δ ≈ 1.057δ.
Nucleon Transfer and Driving Potential
For low-energy nucleus-nucleus collisions, the nucleon transfer and the redistribution of mass between fragments are important in all channels (deep inelastic scattering, quasifission, fusion, and normal fission). In order to describe these processes macroscopically, the mass asymmetry η = (A 2 -A 1 )/(A 1 + A 2 ) is used. The redistribution of nucleons between separated nuclei changes their binding energies. It is convenient to include such energy changes into the nuclear potential energy (30) Here, M(A 1, 2 , Z 1, 2 ) are the masses of nuclear fragments, and the constant term M(A T , Z T ) + M(A P , Z P ) is included in order to have vanishing potential at infinite separation in the entrance channel. We see that in the channels with redistribution of nucleons, Eq. (30) at infinity reduces to the Q value of the reaction. The multidimensional potential (30) is usually referred to as the driving potential.
) . - ZAGREBAEV et al. 3 . MACRO-MICROSCOPICAL MODEL AND ADIABATIC POTENTIAL ENERGY Adiabatic potential energy is defined as the mass difference of the full system (mononucleus or two separated nuclei) and the ground states of the target and the projectile (31) Here, the two last terms, as in Eq. (30) , fix the zero potential energy in the entrance channel at infinity. Note that for separated nuclei, the first term in (31) is the sum of the masses of fragments plus interaction energy. Equations (30) and (31) are identical in this case.
In the macro-microscopic model, which is based on the Strutinsky shell correction method [49, 50] , the deformation-dependent part of nuclear mass is (32) where M mac is the macroscopic (smooth) part, which is usually calculated in the liquid drop model (LDM), and δE is the shell correction. To calculate M mac , we apply a version of LDM which takes into account the finite range of nuclear force [18] [19] [20] . The shell correction is the sum of the corresponding proton and neutron contributions δE = δE p + δE n , and δE p(n) is the sum of the shell correction δU p(n) and the shell correction to pairing energy δP p(n) , δE p(n) = δU p(n) + δP p(n) .
In order to derive the shell correction by Strutinsky, the single-particle energy-level spectrum is required. The model of single-particle energy levels should be applicable to both small and large deformations of the ground state and should correctly describe the transition of the single-particle spectrum from the mononucleus to separate fragments. To this end, we use the two-center shell model.
It should be noted that the use of the harmonic mean-field potential in the two-center shell model is apparently a crude approximation. The use of the Woods-Saxon [51] [52] [53] or convoluted Yukawa potential [20, [54] [55] [56] is physically more justified. The potential energy can also be calculated using the generalized Thomas-Fermi method with effective Skyrme force [57] . We also note another widely used method to calculate the potential energy-a microscopic approach based on the self-consistent Hartree-Fock model (both relativistic and nonrelativistic) [58, 59] .
We have chosen the two-center shell model for the single-particle spectrum because of the following important advantages: (1) A two-center parameterization allows us to describe characteristic nuclear shapes for both nuclear fusion and fission. The modern understanding of the fusion of two nuclei suggests that dis-
continued configurations with a large distance between fragments and a pronounced neck are characteristic of nuclear fission. However, the system lacks a neck during nuclear fusion at the contact point, and the distance between the center-of-mass points of the nuclei is significantly smaller. Therefore, the parameterization should be flexible enough to describe nuclear shapes during the full fusion-fission process. (2) All matrix elements required to calculate the single-particle spectrum can be written analytically, thus improving the accuracy and helping to reduce the time of numerical processing. This helps us to perform realistic numerical analysis in the three-dimensional space of collective coordinates using the mesh of about 10 6 points.
Macroscopic Part of Potential Energy
The macroscopic nuclear mass in LDM with finiterange nuclear force is [19, 20] (33)
This involves the masses of Z protons and N neutrons; the volume energy; the nuclear surface and Coulomb energy, which depend on deformation through dimensionless functions B n (r, , η) and B C (r, , η); the Coulomb exchange correction; the proton form factor correction to the Coulomb energy; the charge asymmetry correction (N-Z term); a constant A 0 term; the Wigner term; the mean pairing energy; and of bound electrons. The function f(k F r p ) in the Coulomb form factor is (34)
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Even-even nuclei are the reference point for the pairing energy. The mean value of the neutron and proton gap, and the proton-neutron interaction energy δ np are (36) where B S (r, , η) is the surface area of the deformed nucleus in the units of area of the sphere of identical volume (37) The dimensionless functionals of the nuclear and Coulomb energy of deformed nuclei are [18] [19] [20] (38)
The integral is taken over nuclear volume, a is the radius of the Yukawa-plus-exponential potential, and a d is the radius of the Yukawa function generating nuclear charge distribution. Note that expression of B C was derived for a uniformly charged nucleus with a diffuse surface. Sixfold integration in (38) reduces to fourfold integration using the Gauss-Ostrogradsky theorem, and the order of integration can be further reduced to 3 The values of five other constants (somewhat different from those in [20] ) can be found in Table 1 .
Standard Two-Center Shell Model
The first quantitative model of the spectrum of single-particle states of deformed nuclei was suggested by Nilsson [60] . This model was based on the axially-symmetric harmonic oscillator mean-field potential and the nuclear shape was assumed to be ellipsoid. In spite of its simplicity, the Nilsson model successfully described the masses of the nuclear ground state. However, the model fails in the case of large nuclear deformations. The well-known generalization of the Nilsson model is referred to as the two-center shell model [61-63, 16, 17] . This model correctly describes the transition from small elliptic deformations of the nuclear ground state, for which the model is identical to the Nilsson model, to strongly deformed nuclei and then to two separated nuclei, reducing to the Nilsson model for each of the fragments.
In the description of the standard two-center model, we follow [17] , where the most general form of the model was discussed. In particular, in [17] , the model was generalized to the case of mass-asymmetric nuclei and the nuclear mean-field potential was modified to be a smooth function at the contact point of two fragments.
The single-particle states are obtained by diagonalization of the full Hamiltonian on the basis of the chosen wavefunctions. The problem is significantly simplified if all of the matrix elements can be calculated analytically; this is achieved by the proper choice of the basis functions. The full Hamiltonian of the two-center shell model is 
In cylindrical coordinates, because of axial symmetry, the part of the potential V(r) that is independent of the angular momentum depends on only ρ and z: (41) where (42) We readily see (see Fig. 9 ) that the external, with respect to z 1 and z 2 , parts of (41) are axially symmetric harmonic oscillator potentials centered at z i with the frequency w ρi and w zi , i = 1, 2. The internal part of the potential between z 1 and z 2 has a more complicated form.
The spin-orbit potential is
and the potential is (44) Here, the curly brackets denote the anticommutator, which provides the Hermiticity of the corresponding operator; κ i is the spin-orbit interaction constant; µ i is the adjustable parameter of the Nilsson model; ᏺ i is the oscillator shell number for the left (z < 0) or right (z > 0) part of the nucleus; បω 0i = 41/ is the energy level spacing of the spherical oscillator, where is the mass number of the nuclear fragment, which is defined in [17] as = a i / . The parameters ᏺ i and should be determined such that for the elliptic shape of the initial nucleus, they are the oscillator shell number and the nuclear mass number, and for the asymptotic state of separated nuclei they are the corresponding values of the nuclear fragments. A more detailed description of the two-center shell model can be found in [17] .
Potential (41) has 12 parameters (z i , ω zi , ω ρi , c i , d i , and g i ). The following constraints can be applied to this potential, thus allowing the determination of seven parameters: (1) The potential V(ρ, z) together with its derivative by z should be continuous at the plain z = 0. (2) The nuclear volume is constant and equals (4/3)π , where R 0 is the nuclear radius. Therefore, the nuclear surface is an equipotential surface of V(ρ, z) at which the value of the potential is constantly independent from deformation. In particular, for the spherical nucleus we have (45) V LS r p s , , ( ) Then, equating (41) and V 0 , we obtain for the profile function ρ s (z) (46) The revolution of this profile function about the symmetry axis z gives the nuclear shape. It follows from (46) that the nuclear shape in the regions z < z 1 and z > z 2 is a half ellipsoid with the centers at z i . Figure 9 shows the nuclear shapes in two-center parameterization with the explanation of geometrical nuclear parameters. The semi-axes a i and b i are related to the corresponding frequencies as a i ω zi = R 0 = b i ω ρi . The three nuclear shapes correspond to three fission stages: compound nucleus (elliptic shape), strongly deformed mononucleus, and two nuclear fragments.
Since the above listed constrains fix seven of the twelve parameters, the remaining five are free parameters determining the nuclear shape. These parameters can be treated as collective coordinates. We use the following set of nuclear degrees of freedom:
(1) The distance between the center-of-mass points of two nuclei (one for z < 0 and another for z > 0) (47) The quantities and are solutions to equation ρ s (z) = 0. For two separated nuclei, we obtain four roots. For the mononucleus, there are two roots for and and = = 0. From Fig. 9 , we see that = z 1 -a 1 and = z 1 + a 2 . For separated nuclei, r is the distance between their center-of-mass points. For spherical mononucleus r = 0.75R 0 .
(2),(3) The fragment deformations δ 1 and δ 2 defined as the deformations of two harmonic oscillator poten- V(ρ, z) in the region between the oscillator centers z 1 and z 2 and is defined as the ratio of the smoothed and original potentials at the crossing point of the harmonic oscillator potentials (see Fig. 9 ). Therefore, smaller values of ε correspond to a thicker neck at fixed values of other parameters.
Nonadditivity of Weizsäcker Formula and Shortcomings of Standard Two-Center Shell Model
It is complicated to directly apply the macroscopic Weizsäcker formula (33) for the calculation of the mass of strongly deformed nuclei (e.g., for configuration of two contacting nuclei). The dependence on nuclear deformation enters Eq. (33) (N -Z) is linear. For I 1 = I 2 = I, which is the case for symmetric fission of a compound nucleus, the volume, the surface, and the Coulomb terms are additive. However, in general, (49) For this reason, nuclear masses in the transition from the ground state to two separated nuclei (e.g., in the fission of a compound nucleus) are described incorrectly [64, 55, 65, 56] . This can be understood considering two nuclei separated by the distance r in two ways: (1) as a unified system with the mass given by Eq. (33); and (2) as two interacting nuclei with the total mass given by individual nuclear masses by Eq. (33), supplemented by interaction energy. These two methods give different results. In the first case, the nuclear mass has only the term A 0 , while in the second case there are two such terms. Also, the Wigner term for the mononucleus is W|I|, and for separated nuclei this should be W|I 1 | + W|I 2 | ≠ W|I|. The presence of nonadditive terms in (33) leads to incorrect asymptotic behavior of the potential energy of separated nuclei.
Generally, the surface and Coulomb energy already include the dependence on nuclear deformation. How-
ever, Eq. (33) implies that the charge density is constant. The charge density enters both the nuclear (through the neutron excess) and Coulomb energy. However, the charge density can be different in colliding nuclei, fragments, and the compound nucleus if Eq. (49) holds. The constant charge density is a crude approximation and can lead to errors on the order of a few MeV in determining the potential energy. Therefore, the following question arises: at what reaction stages does the charge density change, and how can this be taken into account in the potential energy?
The standard two-center shell model also has the following shortcomings:
1. The uncertainties in the calculation of single-particle spectrum about the contact point and for separated nuclei for the mass-asymmetric case. As was noted above, the calculation of the single-particle spectrum is based on the diagonalization of Hamiltonian (40) in the space of basis functions. These basis functions should lead to analytical expressions for the matrix elements. In [17] , the basis functions were chosen as solutions of the Schrödinger equation with the potential of two harmonic oscillators centered at the points z 1 and z 2 with the frequency ω z1 and ω z2 along the symmetry axis z and ω ρ in the transverse direction (50) This potential is identical to that of two-center shell model (41) , if the potential is not smoothened between the centers z 1 and z 2 and ω ρ1 = ω ρ2 = ω ρ . The latter con-
dition, on the one hand, provides separation of variables in the Schrödinger equation with potential (50) and the analytic form of the basis functions. On the other hand, if ω ρ1 and ω ρ2 significantly differ (e.g., for large mass asymmetries), the numerical diagonalization requires an unrealistically large number of basis functions from [17] and the calculation of the single-particle spectrum is not feasible.
2. Inadequate parameterization of shapes of separated nuclei. The smoothing of the potential affects the shapes of both the mononucleus and separated nuclei, as is clearly seen from Fig. 9 . This method provides a realistic mononucleus shape. However, for separated nuclei, purely elliptic parameterization, i.e., without smoothing between z 1 and z 2 and elongated nuclear "noses," is more adequate. This is particularly important for the entrance channel.
Therefore, the standard macro-microscopic model, along with its advantages, also has shortcomings. By the "standard model," we assume Eq. (33) applied for computing the macroscopic part of the nuclear mass at any deformation, including separated fragments, and the standard two-center shell model for computing the shell-model correction. Figure 10 shows the adiabatic potential energy calculated in the standard approach (solid curve) in comparison with the diabatic proximity potential (dashed curve) for 48 Ca + 248 Cm. The ground state of the compound nucleus 296 116 has vanishing mass asymmetry η = 0, and separated nuclei have asymmetry η ≈ 0.675. For this reason, we take into account the decrease in η with decreasing r at r < R cont (at r > R cont η = const). As noted above, the adiabatic and diabatic potentials should give identical results for separated nuclei, for which the energy is known to be the sum of the experimental values of masses plus the Coulomb interaction energy. However, it is clear from Fig. 10 that the adiabatic potential energy, calculated in the standard model, substantially differ from the "exact" value in the asymptotic region and in the contact region of two nuclei. The standard macro-microscopic model fails to reproduce the value of the Coulomb barrier and the potential energy for 48 Ca + 248 Cm. Therefore, the driving potential calculated in this model cannot be applied in the description of deep inelastic scattering, nuclear fusion, and quasifission. Below, we describe the extended macro-microscopic model free from these problems.
POTENTIAL ENERGY OF HEAVY NUCLEI IN THE FUSION-FISSION PROCESS
Extended Macro-Microscopic Model
The problem of nonadditivity of the Wigner and A 0 terms is discussed in detail in [64, 55, 65, 56] , where it was suggested to introduce the deformation dependence of these terms. In this paper, we suggest intro- POTENTIAL ENERGY OF A HEAVY NUCLEAR SYSTEM 483 ducing the deformation dependence of all terms in (33) nonadditive in A and Z by the following replacement: (51) where NAT marks one of the nonadditive terms, A i and Z i are the mass and charge number of fragments, and B(r, , η) is a function accounting for deformation. It should be noted that (51) is an identity for additive terms. Therefore, transformation (51) of deformationindependent terms in (33), together with proper choice of the functions B(r, , η), solves the problem. Let us discuss the surface and Coulomb nuclear deformation energy. As noted above, the inadequate behavior of these terms about the scission point is related to the change of the charge density in the transition from the mononucleus to separate nuclei. For small deformations of the compound nucleus, we have (52) and for separated deformed nuclei, (53) In Eq. (53), V 12 is the nuclear interaction energy that can be calculated using the proximity potential or folding procedure discussed in Section 2. In the intermediate region, Eq. (52) should smoothly go into Eq. (53). This transition can be realized using the smoothing function B(r, , η). Therefore, we have for the macroscopic mass (54) The function B(r, , η) is generally constrained to be unity for the ground state of the compound nucleus and zero for fully separated fragments. In [55] , the function B(r, , η) was derived from the neck thickness. The value of B(r, , η) in [55] is unity for the shapes without a neck and monotonically decreases when the neck appears, reaching 0 at the fragment contact point.
The numerical solution to the time-dependent Schrödinger equation (see Fig. 3 ) shows that the nucleon wavefunctions significantly change even before the con-
β β β tact point. Therefore, we assume that transition between (52) and (53) starts before the nuclear contact point. We use the following function B(r, , η):
where R cont ( ; A 1 , A 2 ) is the distance between nuclear fragment centers corresponding to the contact point, and a diff is the adjustable parameter. Note that Eq. (54) provides the proper behavior of the macroscopic part of the driving potential for both the ground state of compound nucleus and for separated nuclear fragments. The value of a diff ~ 0.5 fm guarantees that the driving potential gives the value and the position of Coulomb fusion barrier identical to those calculated with the diabatic potential (30) .
One of the key characteristics of potential energy is the accuracy of the calculation of nuclear ground state masses. Therefore, the method should be verified with experimentally measured values of nuclear masses. This calculation was limited to ellipsoid nuclear shapes. The difference between the experimental masses and those calculated with the standard values of the parameters [20] is shown in Fig. 11a as a function of mass number. One observes a systematic slope in the results. This slope can be removed by adjusting the macroscopic part of the potential energy (33) . The results of an additional fiveparameter fit of the macroscopic mass formula are shown in Fig. 11b . The obtained parameters are listed in Table 1 .
As noted above, an accurate calculation of the singleparticle spectrum and the shell correction for large mass asymmetry requires the proper choice of the base functions, which is a difficult task. Here, we suggest a fairly simple approach to this problem. The largest uncertainty in the calculation of the spectrum comes from the region about the scission point and from the region of fully separated nuclei. However, the shell correction δE for two separated nuclei can be readily calculated. Then we can apply a transformation similar to that for the macroscopic part of the potential energy with function (55) (56) where δE TCSM is the shell correction in the two-center model, and δ (i = 1, 2) are the shell corrections for individual nuclei. This approach provides more accurate determination of the asymptotic shell correction and the Q value of the reaction in the channels with nucleon transfer.
Summarizing, we have the following expression for the adiabatic potential energy in the extended macromicroscopic model:
Note that the first two terms in (57) have to be calculated using two-center nuclear parameterization, and the other using ellipsoid parameterization.
The driving potential calculated in extended macromicroscopic model using Eq. (57) is shown in Fig. 12 . The nuclear interaction energy V 12 in V diab was calculated using the proximity potential. As can be seen from Fig. 12 , the suggested method provides correct asymptotic behavior of the potential energy of separated nuclei as well as the value and the position of the fusion barrier.
Two-Core Approximation
In [13] [14] [15] , in order to calculate the adiabatic potential energy, a two-core approximation was suggested which allows us to avoid complicated calculations related to the shell corrections. This approximation is based on the two-center shell model and the stepby-step nucleon "collectivization." It is assumed that in the transition from the initial configuration of two contacting nuclei to the compound mononucleus, the system consists of two cores (z 1 , n 1 ) and (z 2 , n 2 ) and a number of common nucleons ∆A = A CN -a 1 -a 2 in quasimolecular states occupying the full volume of the nuclear system (see Fig. 13 ). The notation ∆A CN will refer to the number of collective nucleons at which two cores a 1 and a 2 fit the volume of the compound nucleus, i.e., R(a 1 
). Apparently, ∆A CN < A CN . The compound nucleus production (∆A ∆A CN ), nuclear fission, and quasi-fission (∆A 0) proceed in the space (z 1 , n 1 , δ 1 ; z 2 , n 2 , δ 2 ). The formation of the compound nucleus is assumed to be complete if the elongation of the system is less than that of the corresponding saddle configuration.
The adiabatic driving potential in two-core approximation is defined as V adiab r; z 1 n 1 δ 1 ; z 2 n 2 δ 2 , , , , ( ) [20] and (b) parameters of this paper (see Table 1 ). POTENTIAL ENERGY OF A HEAVY NUCLEAR SYSTEM 485 of collectivization as x = ∆A/∆A CN , then can be cal-
. Here, and are the reduced binding energies of the separated fragments which are known experimentally or, for superheavy compound nuclei, can be computed in the macro-microscopic model [20] . ϕ(x) is a monotonic function constrained as ϕ(x = 0) = 1 and ϕ(x = 1) = 0. Therefore, the reduced binding energy of the cores gradually approaches that of the compound nucleus as ∆A increases, and all shell model effects are explicitly accounted in (58) for through and . The interaction potential between two fragments is defined at r ≥ R cont as the sum of the Coulomb and nuclear potentials (see Section 2). It is assumed that this interaction weakens as the number of common nucleons ∆A increases at R CN < r < R cont , i.e., as the cores dissolve in a compound nucleus (x 1) 0 (see details in [13] ). Therefore, for compound nucleus (∆A = ∆A CN ), the total energy V adiab = = B(A P ) + B(A T ) -B(A CN ), as it should if the energy is counted from the energy of initial nuclei A P and A T at infinity.
The driving potential (58) (minimized by n 1 and n 2 ) is shown in Fig. 14 as a function of z 1 and z 2 for r ≤ R cont and also as a function of elongation and mass asymmetry. One observes that the shell structure typical for the nuclear contact (∆A = 0, the diagonal line in Fig. 14b ) also takes place for r < R cont (see deep minima at z 1, 2 ~ 50 and z 1, 2 ~ 82 in Fig. 14b ). Towards the fission valley (dotted curves in Figs. 14b and 14d ), the nuclear system passes through multiple fission barriers (Fig. 14c) . It is well-known that intermediate minima correspond to the shape isomers. The analysis of the driving potential suggests that these isomer states are two-cluster configurations with magic or semi-magic cores. It is shown in [14, 4] that the calculation of the adiabatic potential energy in the two-core approximation and in the usual two-center shell model gives realistic results. Furthermore, apart from the simplicity of calculation, the twocore approximation has additional advantages. The driving potential (58) is calculated using the experimental values of core binding energies. This means that the "true" shell correction is applied and, therefore, Eq. (58) gives exact value of nucleus-nucleus interaction for separated nuclei (r > R cont ). Driving potential (58) is defined for the full interval R CN < r < ∞ and is continuous at r = R cont ; the potential gives realistic values of the fusion barriers and can be applied for simultaneous description of the full fusion-fission process. Along with variables (z 1 , n 1 ; z 2 , n 2 ), the driving potential can be considered as a function of the mass asymmetry η = (a 1 -a 2 )/(a 1 + a 2 ) and elongation r. These variables, together with the fragment deformations δ 1 and δ 2 , are usually used in the description of the fusionfission process (see discussion above). 
Orientation Dependence in Nuclear Fusion
It is well-known that the orientation dependence plays an important role in subbarrier nuclear fusion and increases the contact cross section by reducing the value of the Coulomb barrier for the "nose-to-nose" orientation (see Fig. 8 ). There are also indications that the probability of production of a compound nucleus is strongly affected by nuclear orientation at the contact point [66, 67] (in particular, for the synthesis of superheavy elements [1] ). This probability is reduced for the "nose-to-nose" configuration, at which the system decays mainly to quasifission channels. This effect has not yet been studied theoretically, and only its empirical parameterization was used in the calculations of production cross sections for superheavy nuclei [15] . The major problem is the calculation of potential energy for the sequence of nuclear shapes that are generally unknown and cannot be fully defined in the absence of the axial symmetry. The description of these states requires additional degrees of freedom.
In the two-core approximation, we can also calculate the adiabatic potential energy for the "side-to-side" configuration assuming dynamical deformation of the equatorial region of both nuclei and gradual relaxation of longitudinal deformations as the equatorial deformations and the mass transfer increase (see Fig. 15 ). This assumption is realistic in the absence of forces that could change the transverse deformations of nuclear fragments. In this case, additional degrees of freedom are not required. The variables δ 1 and δ 2 can be used to describe longitudinal deformations (at the contact point δ 1, 2 = 0). We assume that static nuclear deformations monotonically decrease as the mass transfer and dynamical equatorial deformations increase: = (0) exp exp . Therefore, they are not independent dynamical variables. Here η 0 is the initial mass asymmetry, (0) are the static deformations of the target and projectile, and ∆ η ~ and ∆ δ ~ 0.2 are the adjustable parameters weakly affecting the process. The value of ∆ η is derived from the mean distance (by the proton and neutron number) between deformed and spherical shells in the nuclear map.
The potential surfaces calculated for two fixed orientations of the statically deformed nucleus 248 Cm, which fuses with 48 Ca, are shown in Fig. 16 as a function of mass asymmetry and elongation. For "side-toside" configurations, the value of the Coulomb barrier in the entrance channel is significantly larger. However at the contact point, this configuration is more compact and the formation of compound nucleus is more favorable as compared to "nose-to-nose" configurations.
It is rather difficult (if possible at all) to calculate the adiabatic driving potential for the nuclear system evolving from a contact configuration with arbitrary orientation of the statically deformed nuclei. Note that the diabatic potential is relatively simple to calculate (see Section 2.3). In this case, the probability of formation of a compound nucleus can be estimated by simple averaging of results for two limiting orientations.
Fusion-Fission Dynamics within Two-Center Model
The proper choice of collective degrees of freedom for the description of low-energy nuclear dynamics is a rather difficult problem. On the one hand, in order for numerical analysis to be possible, the number of independent variables should not be too large. On the other hand, the proper description of intermediate nuclear forms in the fusion-fission process is hardly possible with a small number of degrees of freedom. As was noted above, the distance between the center-of-mass points of two separated nuclear fragments or the fragments being formed (elongation), their dynamical deformations, and the mass asymmetry (nucleon transfer) play important roles. Apart from these, the difference in the nuclear shape for the entrance (fusion) and exit (fission and quasifission) channels is essential. It is commonly accepted that the scission configurations with a large distance between center-of-mass points of fragments and pronounced neck are typical of nuclear fission (quasifission). In addition, more compact configurations without a neck are created at the initial nuclear contact in the entrance channel. Therefore, the parameter ε that determines the neck thickness in the two-center nuclear shape parameterization should be taken into account.
However, the consideration of all five degrees of freedom makes numerical analysis unfeasible. In order to reduce the number of independent variables, instead of two dynamical deformations δ 1 and δ 2 , the single variable δ is suggested, which is related to δ i as (59)
The second relation in (59) is in fact the balance equation of forces applied to two deformed nuclear fragments (in the region z < 0 and z > 0). Equation (59) is limited to second-order terms in the expansion of deformation energies in series in the deformation. The rigidity C δi can be evaluated using the corresponding relation for the ellipsoid nucleus. The deformations correspond to a minimum of potential energy at fixed values of other collective coordinates: (60) where δ g.s. (A, Z) is the deformation of the nuclear ground state and is the distance between the center-of-mass points corresponding to z 2 -z 1 = 0.
Let us discuss an approximate method of accounting for variation of the neck thickness. In the fusion phase, the nuclear shape is well described at ε = 1. In describing nuclear fission, the value of ε should be chosen such that the potential energy is minimal along the fission path. The value ε ≈ 0.35 was recommended in [68] . Figure 17 shows a two-dimensional map of the macroscopic potential energy as a function of (r, ε). The corresponding map of nuclear shapes is shown in Fig. 18 . One observes that the position of the scission point sharply depends on the value of ε. Therefore, the kinetic energy of fission fragments also significantly depends on ε . Our calculations lead to the following conclusions. (1) For separated nuclei, the potential energy is almost independent of ε . Therefore, the value of ε is almost unchanged for the motion of colliding nuclei from infinity to the contact point ( ε = 1). (2) The potential energy is independent of ε in the region of the ground state of the compound nucleus. (3) The fission of the compound nucleus occurs for ε < 1 (the motion from the ground state along the valley of the potential energy to the scission point and then to infinity). For the case of δ 1 = δ 2 = 0, demonstrated in Fig. 17 , the most probable scission configuration corresponds to ε out Ӎ 0.25. However, this value essentially depends on the fragments' deformations. For instance, ε out Ӎ 0.35 for δ 1 = δ 2 = 0.4 and ε out Ӎ 0.45 for δ 1 = δ 2 = 0.7. In order to reduce the calculation to the space of three dynamical variables, we suggest using the time dependence of adiabatic potential energy V adiab , which changes from the value corresponding to ε = 1 (entrance channel) to ε out . The characteristic relaxation time τ ε ~ 10 -21 s is the model parameter whose value can be extracted from the analysis of the mass and energy distribution of the fission fragments.
In order to apply the suggested multidimensional nucleus-nucleus potentials for analysis of nuclear reactions in the energy region from 10 to 40 MeV/nucleon, in which the collective degrees of freedom are important, one should take into account the difference between the diabatic (initial state) and adiabatic regimes of nuclear collisions. The characteristic time of transition to an equilibrium nucleon distribution and adiabatic collision regime is τ relax ~ 10 -21 s [69] . We treat τ relax as an adjustable parameter whose value can be fixed from analysis of deep inelastic scattering data. We note that recently there have been microscopic studies of the time relaxation process from diabatic to adiabatic potential energy in nuclear collisions [70] . These calculations give similar values, ~10 -21 s for the parameter τ relax . Therefore, nuclear collisions with the energy up to 40 MeV/nucleon can be described using the following expression for nucleon-nucleon potential energy: (61) where τ is the time of nuclear contact, V diab is the diabatic potential energy, and ( ε , t ) is time and ε dependent adiabatic potential energy (62) The diabatic potential energy in (61) is calculated using ellipsoid nuclear parameterization (see Section 2) and V adiab in (62), using Eq. (57) for two different values of the neck parameter ε . The time dependence is parameterized by exponentials in (61) and (62), which model the relaxation from diabatic to adiabatic potential ( τ relax ) and the neck creation in the exit channel ( τ ε ). Figure 19 shows the adiabatic potential energy in the initial ( ε = 1) and final ( ε out = 0.35) state of the nuclear fusion reaction. We note the difference between the contact point in the initial state and the scission point in the exit channel. This difference is important in dynamical calculations because the kinetic nuclear energy and the mass transfer mainly occur at the nuclear contact.
Note that a large value of nuclear viscosity ( µ 0 1 0 -22 MeV s fm -3 ) causes a large nuclear reaction time in the near-barrier region [4] , and the first term in (61) V fus-fis r β η; A P Z P A T Z T ; t , , , , , Potential energy as a function of (r, ε) for 224 Th obtained in LDM [18, 19] and normalized to 0 for a spherical compound nucleus. Potential energy was calculated at η = 0 and δ 1 = δ 2 = 0. Thick curve corresponds to the scission line. is negligible at such energy. The evolution of the nuclear system in this case is determined by adiabatic potential energy. However, at higher collision energy, the nuclei overlap over the time τ ≤ τ relax , the repulsive part of the diabatic potential energy is important, and the first term in (61) should be taken into account.
CONCLUSIONS
The nuclear potential energy is a key characteristic of the nuclear system, not only determining the static nuclear properties, but also the full nuclear dynamics at low energy. This is due to the large value of nuclear viscosity. Under these conditions, the dynamics of heavy nuclei at nonzero temperature is close to the overdamping region, at which almost all kinetic energy of colliding nuclei promptly passes into nuclear excitation energy. In the multidimensional space of collective degrees of freedom, the nuclei evolve along the minimum of potential energy. The valley and barrier structure of the driving potential determines the evolution of nuclear systems, although the fluctuations are also important. One of the most important problems of lowenergy nuclear physics is the determination of key degrees of freedom for heavy nuclear systems and the calculation of multidimensional potential energy.
In this paper, we studied a number of approaches to calculating the diabatic nucleus-nucleus potential that can be used in description of deep inelastic scattering and nuclear fusion in the over-barrier energy region. A global parameterization of nuclear density was suggested for the calculation of the folding potential with the density-dependent Migdal force. This potential predicts correct values of the Coulomb barrier for nuclei heavier than carbon. The potential can be used to calculate the interaction energy of deformed nuclei with arbitrary mutual orientation for both inside and outside of the reaction plane.
In order to calculate the adiabatic potential energy of heavy nuclei, an extended version of the two-center shell model was developed. This approach predicts the proper value of nuclear potential in the asymptotic region of separated fragments and in the region of nuclear contact, in particular, the value of the fusion barrier. The empirical time dependence of the driving potential, which models the transition between the diabatic and adiabatic regimes, allows this potential to apply in the dynamical calculations of nuclear collisions at above-barrier energy, as well as in the description of nuclear fusion-fission processes with strongly elongated nuclear configurations in the exit channel (scission point). The main advantage of this driving potential is the possibility of simultaneously describing the strongly-coupled reaction channels of deep inelastic scattering, quasifission, nuclear fusion, and normal fission. The conservation of the total flux, which is the sum of fluxes to different reaction channels, greatly reduces the uncertainties in the values of the calculated cross sections. The computer codes for the multidimensional driving potentials discussed in this paper can be found in [71] . 
